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Abstract. Using constrained-path quantum Monte Carlo method, we systematically
study the Hubbard model on AA-stacked honeycomb lattices with electric field. Our
simulation demonstrates a dominant chiral d+ id wave pairing induced by the electric
field at half filling. In particular, as the on-site Coulomb interaction increases, the
effective pairing correlation of chiral d + id superconducting state exhibits increasing
behavior. We attribute the electric field induced d + id superconductivity to an
increased density of states near the Fermi energy and an suppressed antiferromagnetic
spin correlation after turning on the electric field. Our results strongly suggest the
AA-stacked graphene system with electric field is a good candidate for chiral d + id
superconductors.
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1. Introduction
Unconventional superconductivity continues to attract the attention of condensed
matter community [1, 2, 3, 4, 5, 6, 7]. Recently, for the search on unconventional
superconducting states, graphene with special electronic structure has become a
more concerned object [8]. Theoretically, single-layer graphene exhibits a rich
superconducting phase diagram. For the doping near the half-filling and the van
Hove singularities, it is generally believed that there is a d + id (i.e., dx2−y2 + idxy)
superconducting state [9, 10, 11, 12, 13, 14, 15, 16]. However, recent theoretical results
show that there may be a coexistence of chiral d + id wave pairing and triplet f wave
pairing in the low doping region [17, 18, 19]. For the deeply doped region, the triplet
p+ ip (i.e., px+ ipy) pairing is widely predicted by theoretical calculations in single layer
graphene systems [20, 21, 22, 23, 24, 25]. The chiral d+ id superconducting state is the
2most interesting for the graphene systems. Firstly, the chiral d+id superconducting state
breaks the time-reversal symmetry, which can exhibit non-trivial topological properties
[26], such as the quantized spin Hall conductivity and the thermal Hall conductivity
[27], the Mayorana state in the superconducting vortex [28], and the gapless state on
the boundary [29]. Secondly, the symmetry of graphene ensures that dx2−y2 and dxy
superconducting pairing channels are degenerate [16, 25, 30], which makes graphene a
potential candidate for the formation of chiral d+ id superconducting state.
More recently, the discovery of correlated-insulating and superconducting states in
twisted bilayer graphene (TBG) has attracted unprecedented attention [31, 32]. The
experimental results show that the TBG exhibits insulator behavior at half-filling [31],
and doping can induce the transformation from insulator to superconductor at 1.7 K [32].
Nevertheless, the pairing of TBG is still a controversial topic [33, 34, 35, 36, 37, 38, 39].
One inherent advantage of two-dimensional materials is that the chemical potential
of electrons can be constantly adjusted through an electric field without introducing
additional disorder. Excitedly, recent experiments have reported the superconductivity
with critical transition temperature of 12 K in bilayer graphene with a twist angle of
1.28◦ by electric field control [40]. Inspired by this, we studied the superconducting
pairing by adjusting the electric field in the AA stacked bilayer graphene.
AA-stacked bilayer graphene [41] is the simplest form among bilayer graphene
systems, which has attracted extensive attentions [41, 42, 43, 44, 45, 46, 47]. Some works
discussed the magnetic properties of the AA-stacked bilayer. For instances, Akzyanov
et al studied the electronic properties of AA-stacked bilayer graphene and found that
antiferromagnetic order is suppressed by the transverse electric field [45]. Sboychakov et
al. [46, 47] found that the AA-stacked system is an antiferromagnetic insulator at half
filling and the slim doping could induce a possible metal-insulator transition. However,
few works have been published in the field of superconductivity in the AA-stacked bilayer
graphene.
In this paper, we studied the electron pairings on the AA-stacked bilayer graphene
system. By using constrained-path quantum Monte Carlo method (CPQMC) [48, 49,
50, 51, 52, 53], we systematically studied the impact of electric field on the AA-stacked
bilayer graphene and our simulation results demonstrate a dominant chiral d+ id-wave
pairing triggered by the electric field. We find that such a dominance of chiral d + id-
wave pairing comes from the significantly increased density of states near Ferimi level
and also enhanced antiferromagnetic fluctuations by the electric field.
The organization of this publication is as follows: the model and the Monte Carlo
method we used are described in Section 2. Section 3 contains our main numerical
results, and finally in Section 4 we provide our conclusions.
2. Model and method
We study the Hubbard model with an electric field on the AA-stacked bilayer honeycomb
lattices. The sketch of AA-stacked honeycomb lattice is shown in Figure 1(a). The
3Figure 1. (color online) (a) Sketch of an AA-stacked honeycomb lattice. Blue (red)
dots represent sublattice A (B). A1,B1 (A2,B2) represent sublattices in layer 1 (layer
2). t and t⊥ are the intralayer and interlayer hoppings, respectively. (b) Geometry of
each graphene layer. Atom number on each layer is 2× 3L2. The presenting lattice is
corresponding to L = 4.
Hubbard model can be described as follows,
H = − t
∑
〈i,j〉,m,σ
(c†i,m,σcj,m,σ + h.c.)− t⊥
∑
i,σ
(c†i,1,σci,2,σ + h.c.)
+ U
∑
i,m
ni,m,↑ni,m,↓ + ε
∑
iσ
c†i,2,σci,2,σ, (1)
where c†i,m,σ(ci,m,σ) creates (annihilates) an electron at site i of layer m (m = 1, 2) with
spin σ (σ =↑, ↓). Hopping t (t⊥) connects intralayer (interlayer) nearest-neighbor sites.
According to ab initio calculations and experiments [8, 42, 54, 55], the realistic value of
intralayer nearest-neighbor hopping integral t = 2.5 − 3 eV and the interlayer nearest-
neighbor hopping integral t⊥ = 0.3 − 0.4 eV. For simplicity, we unified t as t = 1.0
and kept t⊥ = 0.14t in later simulations. ni,m,σ is the electron number operator and U
denotes the on-site Hubbard repulsive interaction. In order to apply the perpendicular
electric filed to the bilayer system, we put potential difference ε between the two layers.
The current experimental work on bilayer graphene can tune the potential difference up
to about 1.0 eV. [40, 56, 57], For this reason, we selected 0.0t − 1.0t as the parameter
range of potential difference ε.
Since the atom number in each layer equals to 2×3L2, as shown in Figure 1(b), the
total lattice number is equal to 4×3L2. Our main numerical calculations are performed
on L = 4, 5, 6 systems with periodic boundary condition on each layer. To investigate
the pairing properties, we calculate the pairing correlations for various pairing channels
in the same layer. Pairing correlation function can be defined as
Cα(R = |i− j|) = 〈∆†α(i)∆α(j)〉, (2)
4Figure 2. (color online) Sketch of calculated intralayer pairing channels. (a) nearest-
neighbor (NN) s-wave (b) NN d+id-wave (c) NN p+ip-wave (d) next-nearest-neighbor
(NNN) p+ ip wave (e) NNN f -wave pairings.
where ∆†α(i) (∆α(i)) is the electron pair creation (annihilation) operator with pairing
symmetry α. Singlet or triplet pair creation operator can be written as,
∆†α(i) =
1√
Nα
∑
l
f †α(δl)(ci,↑ci+δl,↓ ∓ ci,↓ci+δl,↑)†, (3)
where fα(δl) is the form factor distinguishing different pairing channels. -(+)
corresponds to single (triplet) pairing. The vectors δl denote the nearest-neighbor (NN)
inter-sublattice or next-nearest-neighbor (NNN) intra-sublattice connections. Nα are
the corresponding normalization factors with Nα = 3 (Nα = 6) for NN (NNN) channels.
Here we considered the common NN and NNN pairings, such as NN s-wave, NN d+ id-
wave, and NN p + ip-wave, NNN p + ip-wave, and NNN f -wave pairings symmetries.
The factors fα(δl) of these pairing channels, which are sketched in Figure 2, can be
defined as follows,
fNN,s(δl) = 1,
fNN,d+id(δl) = e
i(l−1) 2pi
3 ,
fNN,p+ip(δl) = e
i(l−1) 2pi
3 ,
fNNN,p+ip(δl′ ) = e
i(l
′
−1)pi
3 ,
fNNN,f(δl′ ) = e
i
1+(−1)l
′
2
pi, (4)
where the vectors δl (l = 1, 2, 3) denote the NN inter-sublattice lattice directions while
δl′ (l
′
= 1, 2, 3, 4, 5, 6) denote NNN intra-sublattice lattice directions.
5For comparison purposes, we calculate the long-range averaged pairing correlation
as
Cα(R > 3) =
1
N1
∑
R>3
Cα(R), (5)
where R is the distance between the electron pairs and N1 is the number of Cα(R) with
R > 3. Here we ignore the contributions of short-distance pairing correlations (R < 3)
that mainly come from local spin and/or charge components.
Considering that the pairing correlation function may be affected by the non-
interaction part[15, 58]. we also calculate the effective pairing correlation function,
which can be defined as
Vα(R) = Cα(R)− C˜α(R), (6)
where C˜α(R) is an uncorelated single-particle contribution, which can be obtained by the
direct replace 〈c†i↓cj↓c†k↑cl↑〉 operator with decoupled form 〈c†i↓cj↓〉〈c†k↑cl↑〉 operator. We
can determine the pairing channel α by the enhanced (suppressed) tendency of effective
pairing correlation function.
The long-range effective pairing correlation function is also expressed as
Vα(R > 3) =
1
N1
∑
R>3
Vα(R). (7)
We study the pairing correlation function by using CPQMC method, which is a
sign-problem-free auxiliary-field quantum Monte Carlo method and projects out the
ground state from a trial state by branching random walkers in the Slater determinant
space. A constrained-path approximation is adoped to prevent the sign problem
[48, 49, 50, 51, 52, 53]. In our simulations, we set the average number of random
walkers to be 6000 and the time step ∆τ = 0.04. 2000 Monte Carlo steps were sampled
before measurements, and 10 blocks of 300 Monte Carlo steps were used to ensure
statistical independence during the measurements. Closed-shell fillings were chosen in
the simulations.
3. Results
3.1. Impact of electric field on electron density
Since there exists a potential difference between the two layers when we turn on the
external perpendicular electric field, it is natural that the distribution of electron density
on each layer will change. As shown in Figure 3(a), the averaged electron density on
each layer 〈nm〉 is calculated on various ε. It is clear that ε breaks the layer symmetry
and more electrons transfer to the layer 1 with perpendicular electric filed. Comparing
the two lattices conditions of L = 4 and L = 5, we can obtain two important conclusions.
Firstly, the electron density tends to increase gradually when ε < 0.8t and approaches
saturates when ε > 0.8t. The changing behavior of electron density can be explained as
follows. Both on-site Hubbard repulsive interaction U and potential difference ε affect
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Figure 3. (color online) (a) Averaged electron density of each layer 〈nm〉 versus
potential difference ε for different lattice sizes. The filled symbols and open symbols
correspond to the lattice L = 4 and L = 5, respectively. (b) Effective electron
doping density 〈n1(ε)〉 − 1 of layer 1 for various potential difference ε using 3rd order
polynomials in 1/
√
N , where N is the each layer atom number of the system and
N = 6L2 (L = 3, 4, 5, 6, 7).
the transfer of interlayer charge. The Hubbard U reflects the electron localization, which
shows the effect of preventing the transfer of charge. However, potential difference ε
is beneficial to charge transfer between layers. The charge concentration saturates is
the result of the competition between Hubbard U and bias ε. Secondly, the effect of
the electric field on the charge density is suppressed as the lattice size increases. To
considering the effect of lattice size on charge density, we have shown the variation of
the effective charge doping concentration 〈n1(ε)〉 − 1 for different lattice sizes in the
Figure 3(b). When ε = 0.8, the fitted curves intercept with the vertical axis at small
positive values ∼ 0.004, indicating that charge density can be regulated by electric filed
in the thermodynamic limit (1/
√
N → 0). These results demonstrate that the electric
filed is an effective way to adjust the charge density of the AA-stacked bilayer graphene
system. In addition, the charge density in the experiment is usually dependent on the
electric field. However, the explicit charge doping concentration is also related to the
material and design of substrate and electrodes.
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Figure 4. (color online) Long-range averaged pairing correlations of different pairing
channels versus potential difference ε on different Hubbard U for the lattice size L = 4
(a) U/t = 0.0 and (b) U/t = 3.0.
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Figure 5. (color online) Long-distance averaged effective pairing correlations of
different pairing channels versus potential difference ε at U/t = 3.0 on different lattice
sizes (a) L = 4 and (b) L = 5.
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Figure 6. (color online) (a) Long-distance effective pairing correlation of d+id pairing
channels versus distance R between pairs on the lattice size L = 6 for different potential
difference ε at U/t = 3.0 and (b) different on-site interaction U at ε/t = 0.8. The green
dash lines represent the position of 0.0.
3.2. Impact of electric field on electron correlations
Firstly, the impact of potential difference ε on various pairing channels is discussed at
half filling and lattice size L = 4 for different on-site Hubbard repulsive interaction
U/t = 0.0 and U/t = 3.0. As shown in Figure 4. It can be clearly seen that
as we gradually increase the ε, the pairing correlation with triplet NNN-f pairing
channel responses sharply, which is much larger than other ones. Therefore, our
simulation results seem to support that the system is triplet NNN-f under the control
of perpendicular electric field. However, considering that the superconducting pairing
correlation is induced by the Hubbard interaction, the contribution of noninteracting
part (U/t = 0.0) to the pairing correlation is meaningless and it might result in the
misleading for pairing symmetry [15, 58]. The long-range averaged pairing correlations,
as shown in Figure 4, reflect that the NNN-f pairing channel exceeds the NN-d + id
pairing channel, either interaction U/t = 0.0 or interaction U/t = 3.0. So, it can not
be ruled out whether the dominance of NNN-f pairing channels is attributed to the
contribution of noninteracting. Furthermore, by comparing Figure 4(a) and Figure
4(b), It is evident that the shapes of the various pairing channels are very similar.
This comparison indicates that the amplitude of pairing correlation of NNN-f pairing
channels may be much larger than other candidate channels, which is caused only by
the electronic structure of U/t = 0.0, not by the effective attraction between electrons.
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Figure 7. (color online) Band structures, Fermi surfaces and density of states of
the non-interacting Hubbard model on the AA-stacked bilayer honeycomb lattice on
various potential difference ε. The green dash lines represent the position of Fermi
levels.
Therefore, it is not possible to accurately determine the pairing form in the system from
the point of view of the traditional pairing correlation function. The correlation of the
interacting part of the pairing correlation function is the key to determine the form of
electron pairing.
Based on above discussion, we study the electron pairing by the effective pairing
correlation functions versus various potential difference ε in Figure 5. For NN-s
and NNN-p + ip symmetries, the influence of the perpendicular electric field on their
corresponding effective pairing correlation functions is little and the value is still close
to 0.0. For NN-p + ip symmetry, the effective pairing correlation function gradually
decreases with the change of the electric field potential and the value is negative. This
shows that it is difficult to form an effective pairing attraction for the above three pairing
channels. However, the values of the effective pairing correlation functions of NN-d+ id
and NNN-f are positive values and the correlation strength is gradually increased under
the influence of the perpendicular electric field, which indicates that turning on U and
electric field produces effective pairing attraction in the NN-d+ id and NNN-f pairing
channels. Moreover, The effective pairing correlation function of NN-d + id symmetry
is much larger than the amplitude of NNN-f symmetry, indicating that NN-d + id is
the dominant pairing channel in the AA-stacked bilayer graphene system under the
perpendicular electric field.
In order to clearly demonstrate the impact of electric field and on-site Hubbard
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Figure 8. (color online) The intralayer NN spin correlation function versus potential
difference ε at U/t = 3.0 for different lattice sizes.(a) L = 4 and (b) L = 5.
repulsive interaction U on the dominant d+id-wave, we also plotted the effective pairing
correlation as a function of pairing range on the lattice size L = 6 in Figure 6. The
results of Figure 6(a) demonstrate that the long range order of d-wave pairing symmetry
increases when the electric field is turned on at all distances. Besides, our results show
that the on-site coulomb interaction U is beneficial to the pairing long range order,
which can be easily obtained from Figure 6(b).
3.3. Pairing mechanism analysis
Why d + id-wave is the dominant pairing channel after introducing the electron field?
In order to clarify this physical mechanism, we discussed the changes of band structure
and spin correlations upon electric field. Firstly, we investigate the impact of electric
field on the band structures, Fermi surface and density of states. When the potential
difference ε/t = 0.0, as shown in the top panels of Figure 7, the bands of each layer
are almost degenerate and the areas of Fermi surfaces are very limited. As potential
difference ε/t = 0.8, the bands are further shifted and it makes the flat band around
between M and K closer to the Fermi surfaces and enhances the density of states near
the Fermi level. Naturally, we speculate that an increase in the density of states is a
key factor in favor of electron pairing.
Next we discuss the impact of electric field on magnetic properties of the system.
The intralayer NN spin correlation function SzNN =
∑
i,j=i+δl
〈(ni,m,↑ − ni,m,↓)(nj,m,↑ −
nj,m,↓)〉 is calculated as a function of the potential difference ε at half filling and
11
U/t = 3.0. From Figure 8, the negative NN spin correlation function indicates that the
system is an antiferromagnetic spin correlation at ε/t = 0.0. As we increase potential
difference ε, one can see that the amplitude of spin correlations are suppressed. More
specifically, comparing the NN antiferromagnetic spin correlation function at ε/t = 0.0
and ε/t = 1.0, the relative reduction of spin correlation function is very small for the
lattice sizes L = 4 and L = 5, respectively. Therefore, we can infer that AA stacked
bilayer graphene can exhibit superconductivity induced by the antiferromagnetic spin
fluctuations under the influence of electric field.
4. Conclusions
Understanding the pairing mechanism of unconventional superconductors has always
been an important research topic. In this paper, we studied the impact of electric
field on pairing properties and magnetic of the Hubbard model on the AA-stacked
bilayer graphene. As electric field is turned on, a dominant chiral d + id-wave pairing
is significantly enhanced. We also studied the band structures and spin correlations
versus electric field. An increased density of states near Fermi surfaces and suppressed
of antiferromagnetic spin correlations were discovered upon the electric field, which are
the main trigger for the dominance of chiral d+id-wave pairing. Our simulations suggest
the AA-stacked bilayer graphene is a candidate for chiral d + id superconducting state
under the control of electric field and our research provides an inportrant theoretical
ideas for controlling the superconducting state on the bilayer honeycomb lattice.
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